Circular microresonators (microdisks) are micron sized dielectric disks embedded in a material of lower refractive index. They possess modes with complex eigenvalues (resonances) which are solutions of analytically given transcendental equations. The behavior of such eigenvalues in the small opening limit, i.e. when the refractive index of the cavity goes to infinity, is analysed. This analysis allows one to clearly distinguish between internal (Feshbach) and external (shape) resonant modes for both TM and TE polarizations. This is especially important for TE polarization for which internal and external resonances can be found in the same region of the complex wavenumber plane. It is also shown that for both polarizations, the internal as well as external resonances can be classified by well defined azimuthal and radial modal indices.
I. INTRODUCTION
Thin dielectric microcavities of various shapes filled with a homogeneous material are key components for the construction of optical microresonators and microlasers [1, 2] . Their eigenmodes (resonances) are characterized by complex wavenumbers k = k r + ik i , which are complicated solutions of 3D Maxwell equations. However, the modes of microcavities, with the thickness only a small fraction of the mode wavelength, can be studied in 2D formulation with the aid of an effective refractive index n eff which takes into account the material as well as the thickness of the cavity, see for example appendix I of Ref. [3] , or chapter II of Ref. [4] . Among such microcavities, circular cavities are one of very few cases where the transcendental equations for complex eigenmodes (resonances) can be found analytically. The analysis of these equations shows that there exist two kinds of resonances, see for example Ref. [5] . Following common terminology we will call them internal (or Feshbach) and external (or shape) resonances. In general, external resonances have relatively large imaginary parts compared to internal resonances. The external resonances are thus very leaky (i.e. have low Q-factors defined as Q = k r /2k i ) and, as a result, cannot be directly used for lasing. But occasionally they can occur in the same wavenumber range as the internal resonances and therefore cannot always be ignored. This deserves systematic investigation.
The purpose of this letter is twofold. First, the behaviour of the circular cavity (disk) resonances in the small opening limit, i.e. when the refractive index of the cavity diverges, is analysed. We note that for internal resonances this has recently been studied in Ref. [6] . For completeness we reproduce their results, though using a mathematically different and more illustrative approach. Our analysis allows us to clearly distinguish between internal and external resonant modes for both transverse magnetic (TM; electric field perpendicular to the disk plane) and transverse electric (TE; magnetic field perpendicular to the disk plane) polarizations of the electromagnetic field. This is especially important for TE polarization for which internal and external resonances can be found in the same region of the complex wavenumber plane. Second, it is shown with the aid of the above limit, that both internal and external resonances can be classified by well defined azimuthal and radial modal indices for both polarizations.
II. EQUATIONS FOR RESONANCES
Let Ψ stand for E z in the case of TM polarization and for H z in the case of TE polarization, where E z and H z are electric and magnetic fields respectively. For a homogeneous dielectric microdisk of radius R and effective refractive index n in a medium of refractive index 1, Maxwell's equations reduce to
inside the microdisk (r < R) and the same form with n replaced by 1 outside the microdisk (r > R). The resonances are obtained by imposing outgoing boundary conditions at infinity, i.e. we require that Ψ (r) ∝ e ikr √ r, r → ∞. For physical reasons, the value of the EM field at the disk center must be finite. These boundary conditions in combination with the continuity of the electric field E z and its derivative for TM modes (or the magnetic field H z and its derivative divided by the square of the refractive index for TE modes) at r = R lead to the resonant field Ψ in the form of twofold degenerate (for m > 0) whispering gallery (WG) modes
cos mϕ sin mϕ , r < R, where for TM modes the complex wavenumbers k are solutions of
and for TE modes the complex wavenumbers k are solutions of
Here J m and H m are Bessel and Hankel functions of the first kind respectively, m = 0, 1, 2, ... is the azimuthal modal index, and N m = H m (kR)/J m (knR) are constants. Physically, the azimuthal modal index m characterizes the field variation along the disk circumference, with the number of intensity hotspots being equal to 2m. The radial modal index q = 1, 2, ... will be used to label different resonances with the same azimuthal modal index m. We will discuss mathematical and physical interpretations of the radial modal index q in the next sections.
In general, to study resonant modes we firstly solve numerically Eq. (3) and Eq. (4) for several azimuthal modal indices m and for the fixed refractive index n = 1.5, using as initial guesses a fine grid in the complex wavenumber plane. Then we numerically continue the solutions for increasing and decreasing n. if m is odd. For TM internal resonances, the physical meaning of the radial modal index q is the number of intensity hotspots in the radial direction inside of the disk, see Fig. 3 . For TM external resonances, the index q has no similar physical interpretation. These resonances are so deep in the complex wavenumber plane that the corresponding Bessel functions, see Eq. (2), have almost no variation inside the disk. This is illustrated in Fig. 4 . Let us now study the behaviour of the scaled wavenumbers nk m,q R of TM internal resonances in the small opening limit, n → ∞. One would intuitively expect that in such a limit these resonances reduce to the real eigenvalues of a closed disk which are given by the corresponding zeros of Bessel functions j m,q . However, as we will see below, this is not the case. In fact, for the TM internal resonances, see the thin curves in Figs 
Then, from inspecting Figs. 1 and 2 we see that the quantity nkR converges to finite real values and the quantity kR converges to 0 as n → ∞ for all TM internal resonances. But for kR → 0 we have
where γ = 0.5772 . . . is the Euler-Mascheroni constant. As a result, we obtain for n → ∞ and m = 0
i.e. all n scaled TM resonances wavenumbers nk m =0,q R approach the zeros j m−1, q (rather than j m, q ). Then, for n → ∞ and m = 0 we have 
This immediately leads to
i.e. all TM external resonance wavenumbers (not scaled with respect to n) satisfy the relation
where h m,q are complex zeros of Hankel functions. It is known, see Ref. [7] , that there is only a finite number 1, 3, . . ., i. e. the last ones in the sets of fixed m, do not necessarily have large imaginary parts. (We will call these resonances the "special" ones.) As a result, they could be mixed with TE internal resonances and their field intensities could display some features of internal resonances as well. Therefore, the only way to separate them is to trace them with increasing n till they reach their limits (when n → ∞), see the thick and thin curves in Figs. 5 and 6. Using arguments similar to the ones in the previous 
as we intuitively expected. The TE external resonances (not scaled with respect to n) approach the complex zeros h m,q of the corresponding Hankel function derivatives
The thin and thick curves in Figs. 5 and 6 illustrate the results numerically. The field intensities of most TE modes display pattens similar to TM modes: the modal index q for internal resonances gives the number of intensity hotspots in the radial direction; for external resonances, which are deep in the complex wavenumber plane, there is almost no field variation inside the disk. However, the situation is different for the "special" TE external resonances. With the variation of the disk refractive index their imaginary parts could become relatively small. Then their field intensity patterns become similar to those of internal resonances, see the left panel in Fig. 7 . Moreover, for large azimuthal indices m and relatively low refractive indices n the "special" external resonances occupy positions exactly where one would expect the corresponding internal resonances, see the modes with n = 1.5 in Fig. 6 . As a result, the field patterns of internal resonances to the left from the "special" external one display some unexpected features as well, see Fig. 8 . For example, the field intensities of internal resonances k 23, 6 and k 23,7 have five and six (rather than six and seven) intensity peaks in the radial direction.
V. CONCLUSIONS
To summarize, we have studied in detail the behaviour of both internal (Feshbach) and external (shape) resonances of an open microdisk in the small opening limit, i.e. when the microdisk refractive index diverges, for both TM and TE polarizations. Contrary to naive expectations, the limit values of the open disk resonances match the eigenvalues of the corresponding closed disk with the zero (Dirichlet) boundary conditions only for TE internal resonances. Our analysis assigns unambiguous azimuthal and radial modal indices to each internal and external resonant mode. We showed that the latter index has a clear physical interpretation only for internal resonances, with one qualification. As the refractive index n is decreased one observes the striking phenomenon that some special TE external resonances join the set of internal resonances and share their features. Our results should be of general interest since to the best of our knowledge this is the first complete classification of all resonant modes in the well-known and the simplest open system -a dielectric microdisk.
